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ABSTRACT 
A study of some of the properties of a weighted 
sum of chi-square random variables is presented, 
including the derivation of approximations to the dis-  
tribution of this sum and an evaluation of the Welch 
approximation for the distribution of the tes t  statistic 
in the Behrens- Fisher  Problem. The study indicates 
that if equal sample s izes  a r e  selected, the Welch 
approximation to the Behrens-Fisher Problem may 
be safely used. 
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THE DISTRIBUTION AND PROPERTIES OF A 
WEIGHTED SUM OF CHI SQUARES 
By A. H. Feiveson and F. C. Delaney* 
Manned Spacecraft Center 
SUMMARY 
A study of some of the properties of a weighted sum of chi-square random vari- 
ables is presented. Derivations of approximations to the distribution of this sum and 
an evaluation of the Welch approximation for the distribution of the tes t  statist ic in the 
Behrens-Fisher Problem a r e  included. The study indicates that i f  equal sample s izes  
a r e  selected, the Welch approximation to the Behrens-Fisher Problem may be safely 
used, even for sample s izes  as small  as 5. 
INTRODUCTION 
2 The density function for  the distribution of a weighted sum, for example, Z , of 
independent chi-square random variables cannot be represented by elementary analytic 
functions. In many cases,  it has  been found feasible to approximate the distribution 
of Z2 by that of a gamma distribution, the first two moments of which a r e  equal to 
2 the first two moments of Z . This paper is divided into two main sections. The first 
section describes the actual distribution of Z2, and the second section evaluates the 
approximation described previously, particularly as i t  is used in the Behrens- Fisher 
Problem of testing for the difference between the two samples when the variances a r e  
not assumed to be equal. 
SYMBOLS 
a constant greater  than 1 
aH ( al’ a2) maximum 
a. positive constant 
J 
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2 2  
s1 ' s 2  
t 
( al' "2) minimum 
t e r m  in infinite series 
2 cumulative distribution functions of the random variables Z 
and v 
degrees of freedom for  Welch t statistic 
2 2 
density function for  x (n) + ax (m) 
density function for  random variable 'sf 
density function for random variable 
approximation to F ,(x) 
index of summation 
constants 
independent random variables (j = 1, 2, . . . , k) distributed N(O,l) 
Z 
2 normally distributed with mean p and variance o 
sample s izes  
2 nl if al > a 
{n2 if a, < a2 
n2 i f  a1 > a2 f, if al <a2  
upper l imit  of integration 
sample estimates of variance 
referr ing to Student's t distribution 
2 
random variable distributed as N(0, 1) 
variables of integration 
v random variable distributed as ax 2 (n, - 1) + (1 - a)x 2 (nz - 1) 
W complex number 
complex number equal to 1 - 2ia.t (see eq. (5)) 
j J 
W 
- -  
x x  sample averages 1' 2 
observations i j  X 
Z2  weighted sum of independent chi-square random variables 
cy constant between 0 and 1 
2 
estimate of cy, equal to s1 2 
+ s2 
P(r, s )  
r(*) gamma function 
E expected value operator 
E constant > 0 
beta function with arguments r and s 
means P l ,  P2 
2 2  
' a2  variances 
@ 2(t), @ 2(t), . . . characterist ic functions for the random variables Z 2 , Nj 2 , and 
N. 
J so forth 
Z 
@(-I 
X 2  (4 
standard normal cumulative distribution function (c. d. f .  ) 
chi-square distribution with n degrees of freedom 






Let  N. (j = 1,2, . . ., k) be independent, J 
2 
with mean p = 0 and variance cr = 1, and let 
normally distributed, random variables 
Z2 = a.N where the a. are real, 
k 
~j J 
j = l  
positive constants. The characterist ic function of Z2, denoted by @ 2(t), is 
Z 
ita.N.2 k 
II Ee = IT @ ,(t) (1) 
j=l a.N. 
J J  
2 
@ ,(t) = EeitZ = E 
j= 1 Z 
2 
(t) is the characterist ic function of a.N. . Since N is distributed J J  j where @ a.N. 
J J  
2 as x ( l ) ,  its characterist ic function @ (t) is (1 - 2it)-l l2;  hence 
N 2  
j 
2 
- 1/2 ia.tN. 
(t) = Ee = @ 2tjt) = (1 - 2ia.t) J 
@ 2  N. 
J 
a .N  
J J  
therefor e 
- 1/2 k ,(t) = IT (I - 2ia.t) 
J Z j =1 
The cumulative distribution function (c. d. f .  ) of Z2, to be denoted by F 2(x), is ob- 
viously zero fo r  x 5 0; hence, it can be obtained by setting h = x in the following 




F 2 ( X + h ) - F  , (X-h)  
Z Z 1 e-itx4, 2(t)dt 
Z 2h 271 
(4) 
To make 4, ,(t) continuous, hence integrable, for  all real t, let -n < a r g  w 5 n 
Z 
- 1/2 be equal to - 1 .-(i/2)arg w. Let 
diii for  all complex numbers w, and let w 
w. = 1 - 2ia.t. 
J J 
Then CD ,(t) can be written 
Z 
k - (i/2)arg w 
CD ,(t) = IT I w 1 -1'2e j = exp 
Z j = l  
- 
- 1/2 k k 
j = l  j = l  
i 
- 
Since -7l/2 < a r g  w. < 77/2, the function a r g  w can be defined as 
J j 
-1 -1 a r g  w. = t a n  2a.t = -tan 2a.t 
3 (- J >  J 
Therefor e 
(5) 
and using equation (4) with h = x 
F 2 ( 2 ~ )  - 0 
(8) 
sin tx Z 2x 271 exp i -tx + -  t an- '2a jq  jil I wjl - l l 2 d t  [( 
that is 
5 
' I  IIIIIII iir 
Since the imaginary part of the integrand 
tx co 
zl 7T 
is an odd function, its integral over the real l ine is zero; thus 
- 1/4 
cos (- + tan-'2ajt) jil (1 + 4aj2t2) dt 
00 
- 1/4 tx 
F (x) = -  / cos(-tx + tan-'2ajt) k (1 + 4aj2t2) dt 
Z2 7T -co j = l  
co 
- 1/4 tx s in  z- 
- I, 3 cos (-tx + f tan-12ajt) kn (1 + 4aj2t2) dt j = l  
where g(t, x) represents  the integrand in the preceding equation. 
Computation of F ,(x) 
Z 
It was  decided to calculate F ,(x) by numerically integrating equation (11) and 
Z 
to compare the resul ts  with the c.  d. f .  of the approximating gamma distribution. To 
achieve reasonable accuracy in a reasonable amount of time, both a step s ize  s and 
an upper l imit  of integration b must be determined. A rough upper bound for  b 
be obtained by noting that I Leo g(t,x)dt 1 is l e s s  than can 
I 
6 
Thus, if  the absolute e r r o r  f rom incomplete integration is desired to be less than some 
positive number E ,  then b must be chosen such that equation (12) is less than E .  The 
s tep s ize  should be taken proportional to l/x, since the function to  be integrated is 
roughly periodic with frequency 4?r/x. 
After t r ia l  and e r r o r ,  1/1Ox was determined to be a good step s ize  to  use. The 
resu l t s  were  able to be checked in  some cases  (for example, where all the a. were 
J 
equal), and in  those instances, at least four decimal places of accuracy were obtained. 
There is no reason to suspect that the accuracy of the numerical integration would be 
materially affected i f  the a. were  not equal. 
J 
Gamma Approximation F ,(x) 
Z 
One of the common approximations to F (x), denoted by G 2(x), is a gamma 
Z2 Z 
2 distribution having the same  first two moments as that of Z . Thus 
where a, = (1/2) and X = (1/2) 
Accuracy of Gamma Approximation 
Results indicate that the mean of the weights the a does not affect the accu- ( i>  
racy of the approximation. 
A statist ic with one of the most measurable effects on the approximation is the 
standard deviation of the weights. 
the approximation tends to be an  overestimation of the t rue  functional value in the right 
tail of the distribution. 
As the standard deviation of the weights increases,  
This tendency is il lustrated in  tables I to XII. 
Because the parameters  CY and X of G ,(x) depend only on the first two mo- 
Z 
ments of the weights, the approximation yields the same value for  any set of weights 
with the same  mean and standard deviation. This value is shown in tables I to XI1 
under the heading G(x). The tables a lso give the t rue  values F ,(x) l isted under 
F(x) i n  columns I, 11, and 111, where the mean and standard deviation of the weights 
are the same  for  I, 11, and III, but in  I, the weights are equally spaced; in  11, one half 
of the weights are equal to a constant and the other half are equal to  another constant; 
Z 
7 
and in  111, all of the weights except one are equal to one constant while the remaining 
weight is equal to a different constant. An inspection of tables I to  XII indicates that as 
the number of weights increases ,  the accuracy of the approximation improves. 
A marked difference was noted between the approximation and the t rue  functional 
value in  the left tail of the distribution. 
DISTRIBUTION OF z2 FOR ONLY TWO DISTINCT SETS OF a's 
The Behrens-Fisher Problem 
The Behrens-Fisher Problem can be stated as follows: consider two independent 
with means p and p and variances u and u It is desired to test the null hy- 
pothesis that pl  = p2, when no knowledge of o 
1 2 1 2 .  
or  o exists. 1 2 
1 
Since the sample averages x and x a r e  normally distributed with means p 
and p2, respectively, and variances o 12/n1 and o 2 7 n 2 ,  respectively, the random 
variable 
1 2 
Let the Behrens- Fisher statist ic v be the random variable obtained by inserting 
2 sample estimates for  u and 022 in equation (14). That is 1 
v =  (% -:2) - ( p 1  - p 2 )  
2 
f- 
2 n n 
8 
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v.  It is well known that 
2 2  
2 ai x (ni - 1) s -  n. - 1 
1 
i 
and that si2 is independent of E. for  i = 1, 2. Therefore, under the hypothesis 
1 
P1 = P 2  
n -  
which is equivalent to 
// - ~ -  + 
nl(nl - n2(n2 - 
d v++- "2 "1 "2 
'IIIIIII 1111 Ill I I 
9 
0 0  2 1  It is no loss  of generality to assume - 2-. Therefore n n  2 1  
where 
2 
1 0 - 
C Y =  n1 2 ( O <  CYSA) 2 
2 2 0  1 0 
nl "2 
and ff and fi arr .  the numerator and denominator, respectively, of equation (19). 
Let f (u) and f (v) be the probability density functions of and ?, respec- U V 
tively. Then Fv (x), the c. d. f .  of v, can be obtained by 
where @ represents  the standard normal distribution function. To facilitate numer- 
ical integration of equation (21), an  expression for  f (v) which does not involve a 
V 
10 
1 1 1  I I I ... .. .... . ., .. ,,, I 
- -- .-..--._-----.-I .... -.-I.- -11-111.11111 II11111111 I I I 1111111 I 1  11111. 111..111-11 11111111111111111111111 11111111111111111 I 
1 numerical integration is needed. A rapidly converging infinite-series representation 
of f (v) may be obtained in  the following manner. 
of x (n) +ax (m) where a < 1. Then 
Let fo(v) be the density function V 
2 2 
v/a 




and fn  a r e  chi-square density functions with degrees of freedom m and m 
f (v) = 
1 &v'at(m/2)-1(v - at)(n/2)-1exp 1 (t + v - a d  dt 
o 
which, upon making the transformation z = at/v, gives 
where p = m/2, q = n/2, and 
V (m/2)+(n/2)- le-v/2 
Ray and Pitman (ref. 2) give an expression for  f (v) involving n + n2 - 2)/2 1 
t e rms  when n and n2 are odd; however, it requires the summing of alternating 
positive and negative t e r m s  which can seriously impair numerical accuracy on the 
computer. 
V ( 1  
1 
11 
I .  
Expanding the exponential t e r m  in a power series gives 
Since the exponential series is uniformly convergent on the interval [0, 11, the 
integration and summation operations may be interchanged; hence 
k 
fo(v) = R 2 Vk(l - k) i l Z k + p - l  (1 - z)q-ldz 
k! 2k k=O 
k P(k + P, s) 
k! 2 k=O 
= T(p)jTj--- a -pe-v'22% 
k=O 
where 
V k+PW-y1 - $ 
. - - - - __ . . . . . . . . b =  
2p+9+kk! (k + p)(k + p + 1). . . (k + p + q - 1) 
Note that 
b k + l -  
bk 
-- 
z(k + l)(k + p + q) 
12 
and that f o r  a >  1, b k >  0. 
The two properties mentioned make the se r i e s  easily summable on a computer; 
hence, fo(v) can be approximated to  a high degree of accuracy by summing only a few 
t e r m s  of equation (27). 





1 - a  
“2 =-- n2 - 1 
Then 
2 2 V - alX (n, - 1) + a2x (n2 - 1) 
Let 
aH = max(al, a2) 
aL = min(al, a2) 
n i f  a > a  n = { I  1 2  
H n2 if a < a2 1 
n i f  a 1 2  > a  
1 2  




aH/aL, m = n Taking a = - 1, and n = n - 1, the distribution of 1 a 
V 
H L u L) 
(that is, fo(v)) can be found from equation (27), f rom which f (v) may be derived 
using 
f (v) = - f  - 
V a? L 0(ayL) (35) 
Computation of F (x) v 
In order  to integrate equation (21) numerically, an upper l imit  and a step s ize  
must be determined. Let E be an upper bound of e r r o r  in F (x) resulting from in- 
complete integration of equation (21), and le t  rE be a number such that 
1 - @ (  x c )  < E .  Since 1 - @(  .) is a monotonically decreasing function and since 
i m f v ( v ) d v  = 1, it follows that 
v 
In most cases,  l m f v ( v ) d v  will be very small, so that the actual error may be on the 
order  of c2; however, the crude bound in equation (36) is adequate for  most purposes. 
E 
The simplest way to choose a step s ize  was determined to be by trial and e r ro r ,  
looking at the changes in the computed F (x) for various sizes.  
0 
14 
Welch Approximation to F (x) v 
The approximating distribution to F (x) (ref. 3) is a t distribution having 
Q 
f degrees of freedom, where f is defined by the relation 
The accuracy of the approximation is shown in  table XIII. In this  table, F(x) 




2 c y =  
s1 2 s  2 
- L -  
"1 "2 
2 In the notation used, A-HIGH represents  the 90-percent point of the distribution of A, 
A-LOW represents  the 10-percent point of cy,  and A-TRUE represents  the t rue value 
(x) and GLOW$) are the approximating distributions based of cy.  Similarly, 
on A-HIGH and A-LOW, respectively, while G(x) is the approximate distribution 
based on A-TRUE. 
h 
G~~~~ 
An inspection of table I1 discloses that the Welch approximation is remarkably 
accurate, even for  small  n 
equal. In most other cases,  the approximation underestimates F (x). 
and n2, provided that nl and n are equal o r  nearly 
v 
1 2 
Note that i f  a test were  actually performed for  the difference of two means, using 
this  procedure, cy would have to be estimated by equation (38). However, it is dis- 
closed in the tables that if n = n the distribution of v is remarkably insensitive to 
cy ,  so  that practically any estimate such as equation (37) would give satisfactory re- 
sults. 
1 2' 
21t is not difficult to show that 2 is distributed as where has  




Information concerning the distribution and approximate distribution of a weighted 
sum of independent chi-square random variables has  been presented. 
has  indicated that if equal sample s izes  are selected, the Welch approximation to  the 
Behrens-Fisher Problem may be safely used, even fo r  sample s izes  as small  as 5. 
The information 
Manned Spacecraft Center 
National Aeronautics and Space Administration 
Houston, Texas, February 23, 1968 
039-00-00-00-72 
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bOne'half of the weights are equal to a constant while the other half are equal to 
Weights a r e  equally spaced. 
another constant. 
All of the weights except one are equal. C 
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%eights a r e  equally spaced. 
half of the weights a r e  equal to a constant while the other half a r e  equal to 
another constant. 
‘All of the weights except one a r e  equal. 
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%eights a r e  equally spaced. 
half of the weights a r e  equal to a constant while the other half a r e  equal to 
another constant. 
C All of the weights except one a r e  equal. 
19 
TABLE IV. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 5 
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.99908 ' .99896 
































































_ _  
%eights are equally spaced. 
half of the weights are equal to a constant while the other half a r e  equal to 
another constant. 
All of the weights except one are equal. C 
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a Weights a r e  equally spaced. 
half of the weights a r e  equal to a constant while the other half a r e  equal to 
another constant. 
C All of the weights except one a r e  equal. 
2 1  












































































































































%eights are equally spaced. 
half of the weights are equal to a constant while the other half are equal to 
another constant. 
All of the weights except one are equal. C 
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Weights are equally spaced. a 
half of the weights are equal to a constant while the other half are equal to 
another constant. 
All of the weights except one are equal. C 
23 
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a Weights are equally spaced. 
half of the weights a r e  equal to a constant while the other half a r e  equal to 
another constant. 
All of the weights except one a r e  equal. C 
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Weights are equally spaced. a 
half of the weights are equal to a constant while the other half are equal to 
another constant . 
‘All of the weights except one are equal. 
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%eights a r e  equally spaced. 
half of the weights a r e  equal to a constant while the other half a r e  equal to 
another constant. 
All of the weights except one a r e  equal. C 
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%eights are equally spaced. 
half of the weights are equal to  a constant while the other half are equal to 
another constant. 
C All of the weights except one are equal. 
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2670. 5 1  
2994.61 
3318.71 

























Spacing of weights 
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%eights are equally spaced. 
half of the weights a r e  equal to a constant while the other half are equal to 
another constant. 
C All of the weights except one a r e  equal. 
28 
TABLE Xm. - COMPARISON OF WELCH APPROXIMATION G(x), GLOw(x), GHIGH(x] 
WITH TRUE VALUE [F(x)] 
c 
N l r  5 N2.20. . ... .. -- 
A-TqUE'i010 A- l ,OW=,OO5 A-H1CH=#022 
X F ( X )  G ( X )  G - L O W ( A )  G - H I G H ( X )  
~. 1,3268 ,9000 ,9000 ,8999 ,9002 
1,7274 ,9500 ,9500 e9499 ,9502 
2,5350 ,9900 ,9900 ,9899 ,9901 
7 , 0 9 0 3  .--+9750 -69750 ... ,9749 ...- 9751~ __ 
.- 3,5689 ,9990 ,9990 ,999iJ ,9990 . 
.. A-T?UE=IOSO A-LOW=,023 A-HICH=.l03 .. 
X F ( X )  G ( X )  G - L O W ( X )  G - H I G H ( X )  
1 - 3 2 7 9  -..9007 -.9007-.9004 .-. 9012 .~ - 
1,7291 ,9507 .950? ,9504 ,9512 
2.0940 ,9757 ,9757 ,9?54 .97hi 
2,5520 ,9907 ,9907 ,9905 ,9910 
3.0270 .9995 ,9993 ~ 9 9 y S  .9995 
---.A-T?UECalOO A - L O I J ' L O ~ B  A-HICH=tI96 -_ 
X F ( X )  G ( X )  C - L O W ( Y )  G - H I G H ( X )  
1,3209 ,9000 ,9005 ,9995 ,9002 
2,0730 ,9750 ,9750 ,9746 ,9752 
1.7166 ,9500 ,9500 ,9495 ,9502 
2,5070 ,9900 ,QYuo ,9897 ,9901 
-3,5020 ,9990 ,9990 - .99e9 .999c - 
A-T2lJE=,200 A-~oW=,102 A-H1GH=.354 
X F ( X )  C ( X )  G - L O W ( X )  G - H I G H ( X )  
1,3196 .9000 ,9000 ,flYY8 .E986 
A-TqUE=,300 
X F ( X )  




-. 3,5343 ,9990 
_ _  A - T 7UE z. 4 0 0 






X F ( X )  
1,3490 ,9007 
1,7687 ,9509 




TABLE XUI. - COMPARISON OF WELCH APPROXIMATION Gh) ,  GLowb), GmGH(x] 
WITH TRUE VALUE [F(x)] - Continued 
c 
G l r z . 9 4 5  
12-HI G l i (  X 1 
, 8 6 4 5  
a 9 4 7 1  
, 9 7 1 1  
. 9 9 4 4  
-- , 9-1 6 0 - -- 
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TABLE XIII. - COMPARISON O F  WELCH APPROXIMATION G(x), GmW(x), GHIGH(x] 
WITH TRUE VALUE [F(x)] - Continued 
c 
G U =  , 0 5 2  
. 9 ? 4 4  
. 9 5 4 ?  
, 9 7 8 4  
- . . 9 9 2 3  - 
,9995 
G - H  1 G H (  X ) 
2.3000 .97tO -97513 .9691  - 9 6 9 1  
2.8965 .9900 .9930 .9a5A . " 0 S K  .. ~- 
G.5012 ,999I.1 .99;9 .9977 .q9;7 
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TABLE Xm. - COMPARISON OF WELCH APPROXIMATION Eb), GLow(x), GHIGH(g 
WITH TRUE VALUE [F(x)] - Continued 
A-TQUE'iOlO 
X F ( X )  
1 , 3 8 0 9  ,9000 
1 , ~ 2 9 0  ,9501 
- 2 . 2 5 5 4 .  , 9 7 5 1  
2 , 8 0 9 9  , 9 9 0 1  
4.2662 ,9990 
A-TRUE=,050 
X F ( x )  
.1 3727 , 9 0 0 2  
1:8135 , 9 5 0 2  
2 , 2 2 9 8  ,9753 
217666 , 9 9 0 2  
4 .1515 , 9 9 9 1  
.- A - ~ ~ u E = , i o o  
X F ( X )  
1 3636 9 0 0 2  
1 : 7 9 6 3  : 9 5 0 3  
2 , 7 1 9 1  
2 . 2 0 1 ~  
-4,0276- , 9 9 9 1  
A-T4UE=1200 
X F ( X )  
1 ,3489 , 9 0 0 2  
1 , 7 6 8 5  ,95C3 
2 ,6438 ,9903 
3 , 8 3 6 0  , 9 9 9 1  
A-T?UE=,300 
X F ( X )  
- I . 3 J H 6  - , 9 0 0 1  
1 ,7492 ,9502 
2,1253 , 9 7 5 2  
2 .5923 , 9 9 0 2  
..2,1565 ,9753 
5 , 7 0 8 1  , 9 9 9 1  
- .  A-T'?UE=,400 
X F ( X )  
1 , 3 3 2 4  ,9000 
1 ,7378 ,9500 
2,5623 ,9900 
__ 3,64H2.-- ,9990 
2 , 1 0 7 0  ,9750 
A-TRUEe1500 
X F ( X )  
1 ,3304 ,9000 
1 , 7 3 4 1  ,9500 
2,5524 ,9900 
- 211009- _. ,9750 
316107 ,9990 
A - T S U E = ~ O ~ O  
X F ( X )  
1 , 3 4 3 7  . 9 0 0 0  
1 , 7 5 8 9  ,9500 
-2,1408--- ,9750-  
2 ,6179 , 9 9 0 0  
3 ,7713 , 9 9 9 0  
A-TRUE',050 
X F ( X )  
-1,3387 , 9 0 0 1  
1 , 7 4 9 6  , 9 5 0 1  
2 , 1 2 6 6  . 9 7 5 1  
2 ,5955 , 9 9 0 1  
3 ,7316 , 9 9 9 1  
---A=TSUG,lOO ~- 
X F ( X )  
1,3332 , 9 0 0 1  
1 , 7 3 9 2  , 9 5 0 1  
2 , 5 6 5 8  , 9 9 0 1  
2 , 1 0 9 1  , 9 7 5 1  
-3,6433.- , 9 9 9 1  
A-TWUE-IZOO 
X F ( X )  
1 . 3 2 4 1  ,9C01 
1 , 7 2 2 3  . 3 5 0 1  
-2 .Of l22  . . 9 7 5 1  
2 .5218 . 9 9 0 1  
3 , 5 3 7 2  . 9 9 9 1  
A-T?UE=,~OO 
X F ( X )  
-1.3176- , 9 0 0 0 -  
1 , 7 1 0 5  , 9 5 0 1  
2 , 0 6 4 1  . 9 7 5 1  
2 , 4 9 3 2  , 9 9 0 1  
5 .4824 , 9 9 9 1  
- 4-TqUEZi 4 0 0  
X F ( X )  
1,3138 , 9 0 0 0  
1 , 7 0 3 5  , 9 5 0 0  
- 2 , 0 5 2 1  ,9750 
2 , 4 7 3 1  ,9900 
1 , 4 2 2 2  0 9 9 9 L  
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TABLE WI. - COMPARISON OF WELCH APPROXIMATION G(x), GLow(x), GHIGH(d 
WITH TRUE VALUE [F(x)] - Continued 
c 
1 + 3 0  7.9 9 0 0 0 9 0 0 0 -- 8 9  9 2 _ _  . 9 0 05- 
1 , 6 9 2 7  ,9500 , 9 5 0 0  , 9 4 9 1  ,9506 
- 2 1 0 3 7 2 .  , 9 7 5 1  , 9 7 5 1  ,9744 e9756 
- -  A-TSUE=,200 A - ~ 0 ~ = , 1 3 7  AnHICH=+282 
X F ( X )  G ( X )  G-I.OW(X) C-HIGH(X)  
-1,3017 ,0999 .9UOO .BY'96 ~ ~ - + 9 0 0 4  
1,6814 ,9500 , 9 5 0 0  , 9 4 9 6  , 9 5 0 5  
-2,0172-.9750 ,.9750 .-.9745 -9754- 
2 ,4170 ,9900 , 9 9 0 0  ,9897 , 9 9 0 3  
- 3 , 2 9 2 7  ,9990 ,9990 ,9919 . , 9 9 9 1  
... A - T R U E = ~ ~ O O  A - ~ o W = . 2 1 4  A-HICH=,402. 
X F ( X )  C ( X )  C-LOW(X) C-HIGH(X)  
A 2 9 8 7 4 9 9 9 -  9 0 0 0 . R Y . Y ;  ,900- 
1 , 6 7 5 9  ,9500 ,9500 ,9496 , 9 5 0 3  
..2r0106 , 9 7 5 1  , 9 7 5 1  ,9747 _ ,?754 
2 ,4078 , 9 9 0 1  , 9 9 0 1  ,9UYi3 , 9 9 0 3  
-5,2992 .a9991 ,9991 , 9 9 9 0  n9992 .. 
A - T R U E = ~ ~ O O  .p - ~ o w = , 2 9 8  .A-HIEY=,~L~_ 
-1,2969 ,8999 ,9000 -.a997 - , 9 0 0 1  .. 
X F ( X )  C ( X )  G - L O W ( X )  G-HIGH(X) 
1 , 6 7 2 6  , 9 5 0 0  ,9500 ,9497 , 9 5 0 1  
2 , 3 9 9 5  , 9 9 0 1  , 9 9 0 1  ,9897 a9901 
-2,0054 .. , 9 7 5 1  . .9751 ,9748 -,9752.- 
- 2 3 8 0 2  . . 9 9 9 1 9 9 9 1  - . 9 Y 9 3 . - - e 9 9 9 L  
H I G H= * 6 11- 
G-HI GH( X)  






TABLE Xm. - COMPARISON OF WELCH APPROXIMflTION G(x), GLOW(x), GmGH(x] 
WITH TRUE VALUE [F(x)] - Continued 
c 
- -  , . , I  
1 , 2 9 5 9  . , 8 9 9 6  ,9000 , 8 9 9 9  ,9002  
1 , 6 7 0 6  ,9500  ,9500  , 9 4 9 9  ,9502  
34 
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TABLE XIII. - COMPARISON OF WELCH APPROXIMATION G(x), GLow(x), GHIGH(x] 
WITH TRUE VALUE [F(x)] - Continued 
c 
GH:, 1 7 6  
G-HIGI i (X)  
.9C23 
. 9 5 2 3  - 
. 9 7 7 0  
, 9 9 1 4  
, 9 9 9 3  
~. 
N1=10 N2= 2 . 
~ _ -  - - . 
6 .1051 - 9 6 3 8  - 9 5 0 0  - 9 4 8 3  - 9 9 2 5  
12.1242 .. ,9908 .. :9750 ..9738. . -99986 __ 
29.8218 - 9 9 9 8  - 9 9 0 0  'e9893 ,9998 
.2&5._0695 ~ . . 0 0 . 0 0 ~ 9 9 9 0  _ J 4 9 8 9 L - - o C ! Q L  
F ( X )  G ( X )  G-LOW(X) G-HIGH(x)  
. A-THUE=.OSO A-rLOW=.OOI A-HIGH=.759 - 
2.7777 ,9225 - * 9 0 0 0  _ e 8 9 0 2  * 9 8 8 3  - .  
5.3676 - 9 7 8 8  ,9499 - 9 4 1 4  - 9 9 9 6  
L O  * 1504--* .9977_~9749 ~ 9 6 8 7 _ > 9 9 , 0 9  
23.3578 1.0000 - 9 8 9 9  - 9 8 6 3  0 9 9 9 9  
197.0376 1.0000 0 9 9 8 9  - 9 9 8 3  * 9 9 9 9  . 
A-TRUE=.lOO .A-LOW=.OOE A-HIGH=*869 
2.5294 -._..9282--*.9000-.8€105~9849- 
4.6381 - 9 8 2 7  - 9 5 0 1  ,9327 - 9 9 9 5  
8.3036 ,9984 ,9753 ,9621 1*0000 
143.0244 1.0000 - 9 9 9 3  - 9 9 7 8  1*0000 
X 
F ( X )  G ( X )  G - L O W ( X )  G-HIGH(x) X 
- -. 
17.8046 1.0000 .9903 .9823 i.oono 
2.1508 - 9 2 8 1  - 9 0 0 0  a8623 - 9 7 1 3  . 
3.5850 - 9 8 0 9  - 9 5 0 0  - 9 1 4 2  09975 
5.7422 ,9973 . - 9 7 5 0  - 9 4 5 8  - 9 9 9 9  
10.4009 ,9999 - 9 9 0 0  - 9 7 0 3  1.0000 
. -4 62 47.78 3 - 0 0 0 0 . 2 9 9 . 9 0  --a2934 . -1 -0 0 9  
A-THUEZ. 300 A-LOlrl=. 0 0 7  A-HIGHZ. 9 6 3  
1.8856 . - 9 2 2 8  -9000 - 8 4 6 1  - 9 5 5 0  . 
2.9200 - 9 7 5 5  - 9 5 0 0  - 8 9 6 4  e9920 
-4.3027 ~ - * 9 9 4 7  --*.9750 .. -..9287 :PP91- 
6.9636 - 9 9 9 7  - 9 9 0 0  ,9557 1.0000 
23.9768 1.0000 - 9 9 9 1  - 9 8 7 3  1.0000 
X F ( X )  G ( X )  G-LOW(X)  G-HIGH(X) 
A-THUE=.4OO A-LOU=. 0 1 1  t--HIGH=.Q76 
-1.6YP5 ._ .e9163 -.9000 -*-e326 .9385,-. 
2.4870 ,9687 - 9 5 0 0  - 8 0 0 5  - 9 8 3 2  
3.4564 - 9 9 0 7  e9750 _.9120 - 9 9 6 5  - .  
5.0623 - 9 9 8 8  - 9 9 0 0  ,9399 * 9 9 9 7  
12 .7006 1.0000 0 9 9 9 0  .-9763 1*0000 - 
x F ( X )  G ( X )  G-LO\V(X)  G-HIGH(X) 
-A YT t 3  ~JE? 5 Q 0 . A - L O  w = - D 1 h - A - U G  E0.9 n4 
F ( X )  G ( X )  G-LOk:(X)  G-HIGH(X) 
1.5668 e9104 . *9000 .p221 -..9247 - 
2.2063 - 9 6 2 4  - 9 5 0 2  - 8 6 7 8  * 9 7 3 0  
2.9126 - 9 8 6 0  -.9752 *-8980 .*9916. 
4.0309 ,9971 - 9 9 0 3  e9257 *-9986 
8.800_5 _1.0000 - 9 9 9 2  e966.3 1.0000 
X 
35 
TABLE XIII. - COMPARISON O F  WELCH APPROXIMATION E'.), GLow(X), GHIGH(g 
WITH TRUE VALUE [F(x)] - Continued 
36 
TABLE MII. - COMPARISON OF WELCH APPFtoXIMATION F k ) ,  GLOw(x), GHIcH(X] 
WITH TRUE VALUE [F(x)] - Continued 
,0946 
;9443 
~ 9 7 0 0  
, 9 9 7 9  
Gu= , 4 3 7  
G - H I  G H  ( X  1 
, 8 8 2 0  
,9310 
, 9 5 7 9  
,9939 
GH=,571 
G - H  I G I i (  X 1 
, 8 7 0 9  
'~;9193- 
9 4 7 1  
.9R94 
. ~ a 6 4  
-~ - 
-;P769-- 
, 9 6 8 0  
37 
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TABLE XIII. - COMPAREON OF WELCH APPROXIMATION G(x), GLow(x), GmGH(g 
WITH TRUE VALUE [F(x)] - Concluded 
c 
-1 ,3502- ,9000-  ,9000 ,8YBS-- .e973 ._ 
1 , 7 7 1 0  ,9500 ,9500 , 9 4 8 4  , 9 4 7 2  
2,1604 ,9750 ,9750 ,9736 ,9725 
2 , 6 5 0 4  ,9900 ,9900 ,9899 , 9 8 8 3  
- 3 , 8 5 2 5  , 9 9 9 0 -  ,9990 ,9987 , 9 9 8 5  
A ? U L ' L ~ O O  
X F ( X )  
-1,3531. , 9 0 0 1  
1 , 7 7 6 4  , 9 5 0 1  
-2.1692- , 9 7 5 1  
2 ,6649 , 9 9 0 1  
-3,8092 . 9 9 9 L  
A-TRUE'1500 
X F ( X )  
-1,3628 , 9 0 0 3  
1 , 7 9 4 0  ,9504 
2 d 9 1 1 _ - . . 9 7 5 5 -  
2 ,7130 ,9904 
4,OLTO.. ,9991. 
. . ... . . _.. . ... . 
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